We prove that if q + 1 E 8 or 16 (mod 24) then, for any integer n in the interval (q2 + 1)/2 + 3 < n < (Sq' + 4q + 7)/8, there is a maximal partial spread of size n in PG(3, q).
Introduction
In [6] we proved, Theorem 5.1, that for any integer n in the interval (5q2 + 4q -1)/8 < n < q2 -q + 2 there is a maximal partial spread of size n in PG(3, q), q odd and q 2 7. Here we will prove the following theorem.
Theorem. For any integer n in the interval
(q2 + 1)/2 + 3 < n < (5q2 + 4q + 7)/8, there is a maximal partial spread of size n in PG(3,q), q + 1 = 8 or 16 (mod24).
By combining this result with the result of [6] we thus have the following corollary.
Corollary. For any integer n in the interval
(q2 + 1)/2 + 3 < n < qz -q + 2, there is a maximal partial spread of size n in PG(3, q), q + 1 3 8 or 16 (mod 24).
For other results on maximal partial spreads see e.g. [ l-5,73.
Preliminaries
We need some terminology for modular (q + 1) x (q + 1)-chessboards. The squares of the chessboard will be denoted (x, y) where 0 < x < q and 0 d y < q. The set of 0. Hedenl Discrete Mathematics 142 (1995) [97] [98] [99] [100] [101] [102] [103] [104] [105] [106] squares {(x, t ) IO ,< t < q} will be called row number x and the set of squares
{(t,y)(O<t<q)columnnumbery.
On the chessboards we count modulo q + 1. For example if q = 7, then the square (5 + 13,7-l 1) of a chessboard of size 8 x 8 is the square (2,4).
The distance between the columns y and y', y < y', is the least of the two integers y' -y and y + q + 1 -y'.
A set of bishops of which no two attack each other is called a nonattacking set of bishops. A nonattacking set of q + 1 bishops is called a perfect set of bishops. (Perfect sets of bishops are easy to construct. They are very many.)
The squares (x, y> is a black square if x -y is an even number. Otherwise the square (x, y ) is a white square.
A bishop on a white square is called a white bishop and a bishop on a black square a black bishop.
A bishop on the square (x, y ) is said to be moved in the direction (s, t) if the bishop is moved to the square (x + s, y + t). Note that if and only if s -t is even, white bishops are moved into white bishops and black bishops into black bishops.
Throughout this paper m denotes the integer (q + 1)/2. We will assume that m is an even integer.
Three lemmas
Let T, Ri and RTpp for i E (0, 1,2, . . . . m -1) denote the same set of lines of PG (3, q) as in Section 5 of [6] . Let B denote a set of nonattacking bishops. Each bishop represents a line of PG(3,q) see Section 5 of [6] . Each such line meets some of the lines of the regula Ri and RpPP but none of the lines in the set of lines T. Let F,(B) denote the set of lines of the regulus Ri that none of the lines of B meets. (When it is clear which set B we consider we write Fi instead of Fi(B).) Similarly for FPPP(B).
The maximal partial spreads that we will construct will mainly be a combination of lines
where B is a perfect set of bishops and E and E -are disjoint subsets of the set (0,1,2 ,..., m-1). We have proved that there is no line L of PG(3,q) that does not meet any of the lines of the partial spread S(B, E, E _ ), i.e. S(B,E,E _ ) is a maximal partial spread. 0
We also have to discuss one further way to produce maximal partial spreads. 
In the same way one may prove that condition (vi) implies that S(B', E, E -) contains a line that intersects the line (a + m, b + m).
The remainder of the proof is similar to the proof of Lemma 3.2. 0
Proof of the theorem
The general construction, that we shall give below, does not work in the case q = 7. We thus start by presenting maximal partial spreads of the sizes 28,29,30,31,32 and 33 in PG (3, 7) . (Note that in the case q = 7 the lower limit in Theorem 5.1 of [6] is 34.) Let B denote the following perfect set of bishops on a modular chessboard of size 8 x 8: B= ((0,7),(1,2),(3,6),(4,0),(4,2),(5,5),(7,1)}. 
We denote this number by f(m -2k).
It is clear what we mean by f(s) for an arbitrary integer s > 0. Let E be as above. With the same arguments as above we conclude that
S = S(B, (k, O), E\ {O}, (0)) is a maximal partial spread and that

IS(B(k,O),E\{O},{O}))=f(m-2k-1)+2, O<k,<(m-4)/2.
Continuing in the same manner, we get that S(B(k,O), E\(2), (2)) is a maximal partial spread and
IS(B(k,O), E\(2), {2})( =f(m -2k -1) + 3, 0 6 k 6 (m -4)/2.
We have now constructed maximal partial spreads of sizes f(4), f(6), f (8) We now consider the interval f(m -2) + 3 < n < f (m -1).
We use the same family of sets &(O,O) as in the preceding paragraph. We let E= (1,2,3 With d = m -4, respectively m -3, we get the desired sizes.
We have now constructed maximal partial spreads of size n for any integer n in the interval f(m -2) 6 n <f(m).
To construct maximal partial spreads of size n, for any integer n in the interval f(4) 6 n < f(m -2) we will, beside the perfect set of bishops B(k, r), mainly use two different but related sets of nonattacking bishops: the perfect set of bishops we get from the 'set B(k, r) by moving the bishop on the square on the chessboard we get one further empty row, the row m + 2k. The empty columns will be the same as those of B,(k, r).
LetE(B)denotetheset{ilF,(B)#@,i= 1,2,..., m -11. When it is clear, which set B we consider, we write E instead of E(B).
We first give maximal partial spreads of size f(m -2k -2) + e, where 1 < e < m -2k -1 and 1 Q k < (m -6)/2.
Our choice of maximal partial spreads in the case e = 0 (mod 4) will be S(B(k, -(e -4)/4), E\{O, e -2}, (0, e -2)).
In the case e = I (mod4) we choose the following maximal partial spreads: is a maximal partial spread of size f(m -2k -2) + 2.
Next we consider the interval f(m -2k -1) 6 n <f(m -2k). We will give maximal partial spreads of size f(m2k-2) + e, where 1 <e < m -2k and
Remember that the cases f(m -2k -1) + 2 and f(m -2k -1) + 3 have already been handled.
For e = 0 (mod 4) we make the following choices of maximal partial spreads:
S(X,(k, e/4), E\(e -2}, {e -2, m-l,m+ l-e>) ifO<e,<2k+ 1. In the case e E 2 (mod4) we take the following maximal partial spreads:
if e 2 2k + 1. Finally, in the case e s 3 (mod4):
S(B(k,(3 -e)/4), E\{e -l}, {e -1)).
We have now proved that for any integer n in the interval f(4) < n < f(m) there is a maximal partial spread of size n.
It remains to construct maximal partial spreads of sizes (q' + 1)/2 + t for t = 3,4,5,6, and 7.
The set S(B((m -4)/2), O), { 1,3), {0,2)) IS a maximal partial spread of size (q2 + 1)/2 + 7.
With the set of bishops B,((m -2)/2,0) on the chessboard the only empty rows will be the rows m -2 and -1 and the only empty columns will be the columns 0, m -1 and m + 1. By Lemma 3.2 we get that the three sets S(B,((m -2)/   2,0),& {0,2,m -l>), S(B,((m -2)/2,O),{m -I>, {0,2)) and S(B,((m -2)/2,(l),  (0, m -11, (2) ) are maximal partial spreads. By (3.1) their sizes will be (q2 + 1)/2 + 6, (q2 + 1)/2 + 5 and (q2 + 1)/2 + 4, respectively.
We finally present a perfect set of bishops that will result in a maximal partial spread of size (q2 + 1)/2 + 3. We use the white bishops in the above defined set B(0, 0) together with a new set of black bishops.
This new set of black bishops will be the union of the three sets {(-l-2t,1+4t)It=O,l,..., (m-2)/2}, (( -2 -2t, m + 4t) ) t = 1,2, . . ., (m -2)/2), {< -(m + 4)/2,m/2)}.
We denote this perfect set of bishops by B. The rows m -2 and -2 are the only empty rows and the columns m -1 and m are the only empty columns.
By Lemma 3.2 and (3.1) we conclude that the set of lines S(B, {0), (1)) will be a maximal partial spread of size (q2 + 1)/2 + 3.
